ABSTRACT Analytical and numerical models were developed to describe fluorescence resonance energy transfer (RET) 
INTRODUCTION
Fluorescence resonance energy transfer (RET) is widely used as a "spectroscopic ruler" to determine submicroscopic (10-100 A) associations and distances in biological samples (Stryer, 1978; Fairclough and Cantor, 1978; Eftink, 1991) . For example, RET has been used to monitor binding reactions, protein folding, and phase transitions, as well as to map intra-and intermolecular distances between labeled sites in macromolecular assemblies (Stryer, 1978; Eftink, 1991) . Distance measurement using RET exploits the fact that the transfer of excited-state energy from a single fluorescent donor to a single acceptor depends on the inverse sixth power of the separation between donor and acceptor. Therefore, donor/acceptor separation can be deduced from the efficiency of energy transfer.
Unfortunately, in some biological samples, energy transfer occurs simultaneously between donor/acceptor pairs having different separations, greatly complicating data interpretation. For example, in studies of biological membranes, the donor is typically a fluorescently labeled protein that is capable of transferring energy to many lipophilic acceptors, each at a different distance from the protein. In this case, a model must be used to quantify the relationship between the observed energy transfer efficiency and the distribution of donor/acceptor distances. Analytical approximations for RET efficiencies in membranes have been derived using models that assume that the lipophilic probes distribute uniformly in the plane of the membrane and that the donor is attached to a single protein at a point located in the plane of the membrane (Wolber and Hudson, 1979) or at some fixed distance above the membrane (Shaklai et al., 1977; Kleinfeld, 1985; Yguerabide, 1994) . Analytical solutions for other configurations, which are intended to model energy transfer between lipid bilayers and between vesicles, have also been derived Dewey and Hammes, 1980) .
In biological membranes, a significant fraction of membrane area (-20-50%) is typically occupied by proteins (Saxton, 1989) , and the assumption of uniform lipid distribution implicit in the above models is violated. Descriptions of RET in biological membranes must quantify these nonuniformities and incorporate them into a more realistic model. Unfortunately, these generalized models are not amenable to purely analytical solutions; instead, numerical techniques such as Monte Carlo simulations must be used to describe the nonuniformities in lipid and protein distribution and then the numerical data used to calculate energy transfer efficiencies. Several studies have examined the special case in which acceptors are excluded from protein aggregates containing donors (Gutierrez-Merino, 1981; Dewey and Data, 1989; Kubitscheck et al., 1993) ; however, treatment of the aggregates requires specific geometrical modeling and the acceptors are assumed to be distributed uniformly away from the aggregates. Snyder and Freire (1982) attempted a more general solution involving nonuniform donors and acceptors, but their approach was later shown (Jan et al., 1984) to be valid only under very restrictive (nonequilibrium) conditions not representative of membranes.
In this work, we have used Monte Carlo techniques to simulate a fluid membrane in which donor fluorophores are linked at arbitrary positions to membrane proteins and in which acceptor fluorophores are linked to lipids in one or both leaflets of the membrane bilayer. Monte Carlo simulations were used to generate the equilibrated coordinates of the donors and acceptors; estimates of RET quenching ratios and lifetime distributions were calculated directly from these coordinates. These results are compared with those obtained from an analytical model capable of describing energy transfer from an arbitrarily located donor to uniformly distributed acceptors at low protein concentrations.
THEORY
Fluorescence RET refers to the transfer of excited-state energy from a fluorescent donor to an acceptor. Energy transfer provides a route for depopulating the excited state of the donor and so reduces both the donor quantum yield and donor fluorescence lifetime. Theories of energy transfer relate the reduction in quantum yield and lifetime to interesting physical properties of the system, including intra-and intermolecular distances.
Equations for donor quantum yield and lifetime
In an RET experiment, a donor molecule is excited from its ground state into its first excited state by the absorption of a photon. The excited-state energy can be lost through a variety of mechanisms, including production of a photon (fluorescence), quenching, intersystem crossing, and energy transfer (Lakowicz, 1983) . The rate of decay of the excited state, P(t), through these mechanisms can be described by a simple first-order differential equation
dt where F describes the rate of intrinsic (radiative) decay, k describes the rate of competing (nonradiative) processes including intersystem crossing and quenching, and kET describes the rate of energy transfer. The functional form for kET was derived by Forster (1948) for weak dipole-dipole coupling between donor and acceptor, and is given by
Here TD = 1/(F + k) is the donor lifetime in the absence of acceptors, NA is the number of acceptors, r1 is the separation between the donor and acceptor i, and Ro is the Forster distance, the separation at which 50% of excited state decay proceeds through energy transfer (i.e., the separation at which kET = 1/TD). The solution of Eq. 1 is (Wolber and Hudson, 1979) and continued-fraction approximants (Dewey and Hammes, 1980) have been derived to describe certain limiting cases.
METHODS
Energy transfer in the absence of protein crowding
Single-donor energy transfer in the absence of crowding was studied both analytically and numerically. Analytical expressions, Eqs. 8 and 9, were evaluated using Mathematica (Wolfram Research Inc., Champaign, IL) . Numerical simulations were performed by choosing acceptor positions at random within an annulus bounded by Rp and Rd; see Fig. 1 . The inner cutoff represents the protein diameter, whereas the outer cutoff represents the physical extent of the membrane, which was always taken to be >6Ro. The relative quantum yield, (Q,), was then computed from acceptor and donor coordinates using Eq. 4. This process was repeated and the results averaged using Eq. 5 until the standard deviation in (Qr) was <1%.
Energy transfer in the presence of protein crowding Energy transfer in the presence of crowding was studied using a Monte Carlo approach. This procedure yields "snapshots" of donor and acceptor positions, from which the relative quantum yield and distribution of donor lifetimes can be determined by direct evaluation of Eqs. 4-6.
Protein coordinates were generated using the standard Metropolis et al.
(1953) Monte Carlo algorithm. Simulations were performed on 256 proteins in a square cell; the size of the cell determined the protein concentration. Edge effects were avoided by using permeable cell boundaries and periodic boundary conditions (Hansen and McDonald, 1986) . "Equilibrated" protein configurations were generated by randomly perturbing protein positions and accepting new positions that did not lead to overlap with other proteins. This approach yields protein coordinates indistinguishable from those in a physical system in which proteins interact through excluded-volume interactions. The proteins were initially equilibrated for 50,000 Monte Carlo cycles; a cycle corresponds to one sequentially attempted move of each protein. After the equilibration steps, a series of 500 coordinate sets was generated, each separated from the last by 100 cycles. This process was repeated for each protein concentration used.
Energy transfer calculations for a given protein concentration were performed on randomly chosen subsets of these 500 coordinate sets. First, a coordinate set was chosen, and donor positions within the proteins were assigned at a fixed distance eRp from the protein center and at random angles between 0 and 2 yr. Next, acceptor coordinates were chosen randomly, as in the single-donor case. The acceptors were treated as points, but were restricted from overlapping with the donor disks. Acceptors were confined to a single plane or divided between two planes, corresponding to a bilayer labeled on one or both leaflets, respectively. Finally, from the generated coordinates, the relative quantum yield, q,, of each donor in the ensemble was calculated using Eq. 4. The summation in Eq. 4 was performed over all acceptors within the cell; the side length of the cell was always >6Ro.
Since qrj = Tr, the distribution of fluorescence lifetimes in the system could be determined by constructing a histogram of q, values. The values of q, were averaged using Eq. 5 to obtain (Qr). This process was repeated for enough protein configurations to bring the standard deviation in (Qr) below 1%; this required 6,400-25,600 estimates. This procedure was repeated for each choice of Rp, a, H, and E.
The statistical distribution of proteins and acceptors in the presence of crowding was summarized using the radial distribution function, g(r). Radial distribution functions were computed by averaging the interparticle separations in the coordinate sets over discrete bins; details of the algorithm are described elsewhere (Abney and Scalettar, 1993) . Distribution functions served two purposes. First, they were compared with limiting-case analytical expressions to test the Monte Carlo algorithm. Second, they provide insight into donor and acceptor distribution that is necessary to interpret the RET results.
RESULTS
In this section, we examine the dependence of (Qr) and Tr on 1) acceptor concentration, 2) protein concentration, 3) protein radius, 4) donor position within the protein, and 5) oneversus two-leaflet labeling. For convenience, Rp and H are normalized by the F6rster distance, Ro, and a is normalized by R02. Acceptor concentrations are reported per total membrane area, not total lipid area; thus, for a given acceptor concentration, there are the same number of acceptors in each system, independent of protein concentration.
Single-donor energy transfer in the absence of crowding was calculated analytically, using Eqs. 8 and 9, and numerically, using Monte Carlo simulations. In this case, lipids are only excluded from that portion of the membrane occupied by the single protein bearing the donor.
Centrally located donor
If the donor is located at the center of the protein (i.e., E = 0), then the relative quantum yield, (Qr), will depend only on the acceptor concentration, o-, and the distance of closest approach between donor and acceptors, Re -(Rp2 + 112)1/2. Fig. 2 shows that the quantum yield decreases monotonically as the acceptor concentration increases and as the distance between donor and acceptors decreases. Results derived from the analytical and Monte Carlo approaches are in agreement.
These exact results were compared with two analytical approximations describing single-donor energy transfer; see Fig. 2 . These approximations are commonly used in place of Eq. 9 because they do not require numerical integration. The first approximation is a two-exponential fit to Eq. 9 (Eq. 17 and Table I ; Wolber and Hudson, 1979 ). This expression is valid for a < 0.5 and Re < 1.3 R0, but it significantly overestimates the transfer efficiency outside this range. The second approximation is a third-order analytical approximant to Eq. 9, originally derived for point-to-plane transfer (Eqs. 22-24; Dewey and Hammes, 1980 ). This expression is valid for Re > 1.0; outside this range the expression overestimates the transfer efficiency for small cr and significantly underestimates the transfer efficiency for larger a. Note that, although neither analytical expression is valid for all a and Rp, the two of two new variables: the fraction of the total acceptor concentration in each leaflet, and the leaflet-leaflet separation. The leaflet-leaflet separation is determined by the portion of the lipid to which the label is attached. Fig. 4 shows quantum yield as a function of leaflet separation. When the leafletleaflet separation is zero, the quantum yield is equal to that for a single leaflet with the combined acceptor concentration. When the leaflet-leaflet separation is very large, the quantum yield is determined only by energy transfer to the closer leaflet. Because energy transfer falls off as the inverse sixth power of the donor/acceptor separation, energy transfer at intermediate separations is dominated by the closer leaflet. Note that calculation of the quantum yield requires simultaneous consideration of both leaflets; it is not possible to obtain the two-leaflet result simply by combining quantum yields for two independent leaflets at different separations, as is evident by an examination of Eq. 8. Two-leaflet results derived here from both analytical and numerical approaches are in agreement.
Radial distribution functions
The single-donor model neglects a universal characteristic of biological membranes: the high concentration of membrane proteins. Crowding at high protein concentrations influences the organization of membrane proteins and lipids, which in turn influences the extent of energy transfer. In this section, the effects of crowding on protein and acceptor distribution are briefly reviewed.
If the membrane behaves like a simple fluid, then the relative positions of membrane proteins and lipids can be statistically summarized using distribution functions (Abney and Scalettar, 1993) . The relative positions of pairs of molecules within the membrane are described by the radial distribution function, g(r). The radial distribution function gives a measure of the probability of finding a second particle at a distance r from a given first particle. Fig. 5 A shows Monte Carlo generated distributions of donors. Data were averaged over discrete bins of width 0.1 Rp. The radial distribution function measures the probability of finding a particle at a distance r from a given particle. At small separations, less than the excluded-volume diameter, the probability of finding a second particle is 0 (g(r) = 0). At large separations, the probability of finding a second particle is random (g(r) = 1), as there are no long-range correlations in fluids. At intermediate separations, there are coordination shells corresponding to regions of enhanced (g(r) > 1) and diminished (g(r) < 1) probabilities of finding a second particle. The radial distribution function depends on the interparticle force, the temperature, and the particle concentration. At low particle concentrations, correlations in particle positions are weak and g(r)
1 for all separations. However, at high particle concentrations, such as those typical of biological membranes, correlations in particle positions are strong and g(r) can display several coordination shells. (B) Monte Carlo generated distributions of acceptors. The distribution functions reflect the probability of finding an acceptor at a distance r from a given donor. Binning was identical to that used in (A 
Centrally located donor
When crowding is important, energy transfer is no longer a simple function of the distance of closest approach between donor and acceptor; instead, donor height and radius must be considered separately. This distinction becomes necessary because crowding introduces correlations in acceptor positions that scale with protein radius but not with donor height.
Consider first donor-in-plane transfer (H = 0). Fig. 6 A shows that the quantum yield decreases with increasing acceptor concentration and decreasing protein radius, as in the single-donor case. In addition, the quantum yield also decreases with increasing protein concentration. The magnitude of this decrease depends on protein radius, as shown in Fig. 6 rescence lifetime, in addition to the quantum yield. Unfortunately, measurement of the average lifetime will not provide additional information, because the average lifetime is equal to the average quantum yield (see Eqs. 5 and 6).
However, an analysis of the distribution of fluorescence lifetimes, instead of just the average lifetime, may distinguish between different scenarios possessing the same average lifetime. Fig. 7 shows the distribution of lifetimes for two systems differing significantly in protein concentration (Af = 0.1 vs. 0.5), protein size (Rp = 0.2 vs. 1.0), and donor height (H = 0.8 vs. 0). Both systems possess the same average lifetime, but nonetheless display significantly different lifetime distributions. These distributions can be computed from the simulation data used in the computation of average quantum yields. The average lifetimes (or average quantum yields) presented in Figs. 2-4 and 6 were determined by computing the lifetime of each donor for each donor/acceptor configuration, and then averaging the results. If instead of averaging these lifetimes are sorted into bins, a distribution of lifetimes can be determined. Note that whenever there is a distribution of donor/acceptor separations, there will be a distribution of fluorescence lifetimes, even in the absence of crowding. Unfortunately, measurement of very complicated lifetime distributions is probably not feasible using current technology.
Energy transfer in the presence of soft-repulsive and long-range attractive interactions
Because the protein-protein interactions dictating protein distribution in an experimental system are seldom known, it is important to determine how energy transfer is influenced by the nature of the interaction potential. Here, energy transfer in the presence of excluded-volume interactions will be compared with energy transfer in the presence of long-range attractions and repulsions. Purely repulsive and attractiveplus-repulsive potentials were generated by a WCA decom-position (Chandler et al., 1983) of an inverse-power-law potential (Abney et al., 1989) .
Here o-(not to be confused with the acceptor concentration) defines the zero crossing of the potential, and kBT gives the depth of the attractive well in the attractive potential. These two potentials approximate the weak, long-range attractions and soft repulsions predicted to act between proteins in bilayer membranes (Abney and Scalettar, 1993) . Monte Carlo simulations were run on 256 particles to generate protein distributions at low (p* = po2 = 0.3) and high (p* = 0.8) reduced densities; acceptor distributions and the quantum yield were then computed as described for the excludedvolume interactions. Acceptors were excluded from regions within or of the protein centers.
The quantum yield at a given reduced density was nearly identical for the two long-range potentials (data not shown), despite the fact that the associated protein distributions differ significantly at low density (Abney and Scalettar, 1993) . This suggests that the primary effect of crowding on energy transfer is to enrich the acceptor population near the proteins, thereby decreasing quantum yield. This enrichment is observed for all potentials, so crowding always decreases quantum yield.
DISCUSSION
The goal of this study was to develop a description of RET between a donor site on a membrane protein and bilayerdistributed acceptors for experimentally important donoracceptor geometries and biologically realistic protein concentrations. Previous studies have focused on energy transfer from a single, centrally located donor to randomly distributed lipid acceptors. From a practical viewpoint, the generality of these expressions is limited because donor fluorophores are often attached to proteins at noncentral locations and because acceptor positions can be significantly perturbed by the high concentrations of membrane proteins. These two shortcomings were addressed in the current study. First, general analytical expressions were derived describing energy transfer from a donor arbitrarily located on a membrane protein to randomly distributed acceptors in the absence of other proteins. Second, Monte Carlo simulations were employed to characterize the effects of crowding-induced changes in acceptor organization on energy transfer. The results of the current study can be used directly in the interpretation of experimental data, or to estimate the error in quantities derived using the previous theories.
The influence of protein crowding on energy transfer was simulated by populating part of the membrane with proteins, and restricting acceptor coordinates to the remaining (lipidphase) regions of the membrane. Energy transfer is therefore a function not only of acceptor concentration and protein size, as in the single-donor case, but also of protein distribution. In biological membranes, protein distribution depends on many parameters, including protein concentration, protein-protein interactions, and extramembranous attachments. However, if the membrane is assumed to behave like a simple two-dimensional fluid, then equilibrium protein positions can be simulated knowing only protein concentration and the protein-protein interaction by using the standard Metropolis et al. (1953) Monte Carlo algorithm. The coordinates generated by Monte Carlo simulation are indistinguishable from those that would be observed in an equilibrated system at the specified concentration and interacting through the chosen potential.
The analytical results presented in this paper are essentially exact within the confines of energy transfer theory. However, the numerical results are subject to a few minor caveats. Most serious among these is that, because the true protein-protein, protein-lipid, and lipid-lipid interactions are not known, the simulations had to be run using model potentials. However, most of the results were generated using excluded-volume interactions, which are known to reproduce the most important effects of interactions on protein organization (Abney and Scalettar, 1993) and diffusion (Scalettar and Abney, 1991 rnr, undergoing two-dimensional Brownian diffusion is given by the expression r., = (4Dt)"/2, where D is the diffusion coefficient and t is the time (Scalettar and Abney, 1991) . Typical fluorescence lifetimes will be shorter than -4 ns. Similarly, typical diffusion coefficients for acceptors attached to lipids in biological membranes will be -10-8 cm2/s; diffusion coefficients for donors attached to membrane proteins may be much smaller (McCloskey and Poo, 1986 (Abney and Scalettar, 1993) . For this reason, the protein positions accurately reflect the presence of the lipids. Moreover, the positions of labeled lipids can be assigned randomly without introducing error because the total area fraction of labeled lipids is so small ('2%). A two-step equilibration process can also be justified on dynamic grounds. Membrane proteins typically diffuse much more slowly than membrane lipids. Consequently, lipid molecules probably quickly re-equilibrate in response to any changes in protein distribution.
A number of checks were performed to confirm the validity of the simulation results. First, it was shown that the particle distributions (measured by g(r)) used in the calculations were identical to those for distributions equilibrated for 10 times more and 1/10 as many steps, ensuring that the particles were properly equilibrated before data were collected. Second, the cell in which simulations were run always extended farther than the correlations displayed in the distribution functions, ensuring that particles could not interact with themselves through the periodic boundaries. Finally, there were always at least 256 proteins and 256 lipids, ensuring that fluctuations arising from small numbers of particles were minimal.
The model presented here permits quantification of the effects of protein and lipid distribution on energy transfer between a protein-bound donor and the lipid bilayer. The amount of energy transfer is affected by lipid exclusion from various regions of the membrane. The most significant effect on energy transfer is due to lipid exclusion by the protein bearing the donor; this always reduces energy transfer because acceptors are pushed away from the donor. In contrast, lipid exclusion by other proteins in the membrane invariably increases energy transfer because acceptors are pushed toward the protein bearing the donor. Neglecting excluded area will thus introduce significant error into energy transfer measurements; the error is especially severe if the donor is attached to a large protein, as was the case in RET studies of the chloroplast coupling factor, the IgE-FcERI receptor complex, and the nicotinic acetylcholine receptor (summarized in Mitra and Hammes, 1990; Zheng et al., 1991; Johnson et al., 1990) . Although RET has been used to characterize the structure of over a dozen membrane components, only work on the (Ca2+-Mg2")-ATPase (for a summary see Stefanova et al., 1993; Corbalan-Garcia et al., 1993) , cytochrome b5 Kleinfeld and Lukacovic, 1985) , and recently on the nicotinic acetylcholine receptor (Valenzuela et al., 1994) has attempted to account for lipid exclusion by the protein bearing the donor. These studies were, however, all subject to the approximations inherent in purely analytical approaches.
RET distance measurements between specific protein sites and the bilayer have contributed greatly to our understanding of the geometry, orientation, and conformation of membrane components. However, an accurate determination of intermolecular distances in membrane systems requires consideration of the nonuniform distribution of acceptor lipids resulting from protein-lipid and protein-protein interactions. The analytical expression for energy transfer derived here (Eq. 8) accounts for interactions between acceptors and the protein bearing the donor. This equation is a good and convenient approximation at low protein concentrations, even if two leaflets of the bilayer are labeled and the position of the donor on the membrane protein is noncentral; this expression becomes virtually exact if the component under study is reconstituted at low protein-lipid ratios. However, in studies of real biological membranes, in which the area fraction of protein usually exceeds 20% (Saxton, 1989 ), a numerical model of energy transfer is needed to describe accurately the effects of interactions among all components of the membrane. APPENDIX Analytical solution for energy transfer from an eccentrically located donor An analytical expression for the relative quantum yield of a single eccentrically located donor in the presence of one or two planes of randomly located acceptors can be derived from Eqs. 3, 4, and 7. The approach taken here parallels that used by Wolber and Hudson (1979) for the special case described by Eq. 9 and complements that recently adopted by Yguerabide (1994) . Consider first energy transfer to a single plane of acceptors; in this case, the ensemble-averaged quantum yield is given by Fortunately, Eq. Alb can be simplified considerably. For a hard-disk protein, the lipid-protein interaction U({I}) is zero over allowed donor/acceptor separations; the exponentials involving U({r}) thus equal unity for these separations. Furthermore, for a single plane of acceptors, the integrations over all N donor/acceptor pairs are independent and identical. Consequently, Eq. Alb can be rewritten as (P(t)) = exp(-t/IT) [J(t) The remainder of the derivation consists primarily of simplifying Eq. A2b.
The integrals in Eq. A2b can only be partially evaluated. The integral in the denominator is simply the area occupied by acceptors, which equals the area of the annulus bounded by Rp and Rd, '7(R2 -R2). To evaluate the integral in the numerator, it is convenient to introduce a polar angle 0 as defined in Fig. 1 B; this facilitates the determination of the angle-dependent limits of integration on the donor/acceptor separation, r. For each 0, the minimum and maximum values of r, which are deter- 
The expression for J(t) can now be substituted back into
Eq. A2a to determine (P(t)). In the limit that Rd -* 00, the number of acceptors N also becomes large. 
